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Abstract
In this paper, we study the noncommutative Orlicz space Lϕ(M˜, τ), which
generalizes the concept of noncommutative Lp space, where M is a von Neu-
mann algebra, and ϕ is an Orlicz function. As a modular space, the space
Lϕ(M˜, τ) possesses the Fatou property, and consequently, it is a Banach space.
In addition, a new description of the subspace Eϕ(M˜, τ) = M
⋂
Lϕ(M˜, τ)
in Lϕ(M˜, τ), which is closed under the norm topology and dense under the
measure topology, is given. Moreover, if the Orlicz function ϕ satisfies the
∆2-condition, then Lϕ(M˜, τ) is uniformly monotone, and the convergence in
the norm topology and measure topology coincide on the unit sphere. Hence,
Eϕ(M˜, τ) = Lϕ(M˜, τ) if ϕ satisfies the ∆2-condition.
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1. Preliminaries
Noncommutative integration theory was first introduced by I.E. Segal [5]
and is a fundamental tool in many theories, such as operator theory and non-
commutative probability theory. Since the noncommutative space Lp(M, τ)
(1 ≤ p ≤ ∞) , where τ is a faithful semifinite normal trace on a von Neumann5
algebraM, has been defined [3, 5], many scholars have conducted a systematic
study of these spaces, and obtained many interseting results [14, 15, 19]. As
a natural extension of the space, the theory of noncommutative Orlicz space
associated to a trace was introduced and studied by many mathematicians. For
details, one can see [8], [10], [16], [20], and so on. In this paper we will take10
Sadeghi’s approach [16] and study the topological properties of noncommutative
Orlicz spaces.
To begin with, we collect some definitions and facts related to von Neumann
algebras. Suppose that M is a semi-finite von Neumann algebra acting on a
Hilbert space H with a normal semi-finite faithful trace τ. The identity in M15
is denoted by 1 and the set of all self-adjoint projections on M is denoted by
P(M).
Definition 1.1. A densely-defined closed linear operator x : D(x) → H with
domain D(x) ⊆ H is called affiliated with M if and only if u∗xu = x for all
unitary operators u belonging to the commutant M′ of M.20
Definition 1.2. [1] Suppose that x affiliated withM. We call x is τ-measurable,
if there exists a number λ ≥ 0 such that
τ(e(λ,∞)(|x|)) <∞,
where e(λ,∞)(|x|) is the spectral projection of |x| corresponding to the interval
(λ,∞). The collection of all τ-measurable operators is denoted by M˜.
Given 0 < ε, δ ∈ R, set
V(ε, δ) = {x ∈ M˜ : there exists e ∈ P(M) such that
e(H) ∈ D(x), ‖xe‖B(H) ≤ ε and τ(1− e) ≤ δ}.
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Here, ε, δ run over all strictly positive numbers [1]. An alternative description
of the set is given by
V(ε, δ) = {x ∈ M˜ : τ(e(ε,∞)(|x|)) < δ}.
Definition 1.3. ([1]) Suppose that xn, x ∈ M˜. We say that xn converges to x
in measure (xn
τm−−→ x for short ), if for all ε, δ > 0, there exists an n0 such that25
xn − x ∈ V(ε, δ), n ≥ n0.
Remark 1. 1) Using the definition of V(ε, δ), one can get that xn
τm−−→ x if and
only if
lim
n→∞
τ(e(ε,∞)(|xn − x|)) = 0
for any ε > 0.
2) It is known that the collection {V(ε, δ)}ε,δ>0 is a neighborhood base at
0 for a vector space topology τm on M˜ and that M˜ is a complete topological
∗-algebra.30
In the setting of τ -measurable operators, the generalized singular value func-
tions are the analogue (and actually, generalization) of the decreasing rear-
rangements of functions in the classical settings, and is more importantly the
cornerstone for the theory of noncommutative rearrangement invariant Banach
function spaces [12].35
Definition 1.4. ([18]) For x ∈ M˜, the distribution function λ(·)(x) : [0,∞)→
[0,∞] is defined by
λs(x) = τ(e(s,∞)(|x|)), s ≥ 0.
Since the operator x is τ -measurable, λs(x) < ∞ for s large enough and
lims→∞ λs(x) = 0 as noted before. Furthermore, the function λs(x) is decreas-
ing and right-continuous since τ is normal and e(sn,∞)(|x|) ↑ e(s,∞)(|x|) strongly
as sn ↓ s.
Definition 1.5. ([18]) Let L0(X,Σ,m) be the space of measurable functions on
some σ-finite measure space (X,Σ,m). Give an element x ∈ M˜, the generalized
3
singular value function µ(·)(x) : [0,∞]→ [0,∞] is defined by
µt(x) = inf{s ≥ 0 : λs(x) ≤ t}, t > 0,
where λs(x) is the distribution function.40
It is known that the infimum can be attained and that λµt(x)(x) ≤ t, t > 0.
For details on the generalised singular value see [18]. We proceed to briefly
review the concept of a Banach function space of measurable functions on (0,∞)
(see [13].) A function norm ρ on L0(0,∞) is defined to be a mapping ρ : L0+ →
[0,∞] satisfying45
1. ρ(f) = 0 iff f = 0 a.e.
2. ρ(λf) = λρ(f) for all f ∈ L0+, λ > 0.
3. ρ(x+ y) ≤ ρ(x) + ρ(y) for all.
4. f ≤ g implies ρ(f) ≤ ρ(g) for all f, g ∈ L0+.
Such a ρ may be extended to all of L0 by setting ρ(f) = ρ(|f |), in which50
case we may define Lρ(0,∞) = {f ∈ L0(0,∞) : ρ(f) < ∞}. It now Lρ(0,∞)
turns out to be a Banach space when equipped with the norm ρ(·), we refer to
it as a Banach function space.
Using the above context Dodds, Dodds and de Pagter [13] formally defined
the noncommutative space Lρ(M˜) to be
Lρ(M˜) = {f ∈ M˜ : µ(f) ∈ Lρ(0,∞)}
and showed that if ρ is lower semicontinuous and Lρ(0,∞) rearrangement-
invariant, Lρ(M˜) is a Banach space when equipped with the norm ‖f‖ρ =55
ρ(µ(f)).
Remark 2. IfM is a commutative von Neumann algebra, then M can be iden-
tified with L∞(X,µ) and τ(f) =
∫
X
fdµ, where (X,µ) is a localizable measure
space, and where the distribution function and the generalized singular value
function defined above are exactly the usual distribution function and classical60
rearrangement [2].
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Next we recall the definition and some basic properties of noncommutative
Orlicz spaces.
Definition 1.6. ([17]) The function ϕ : [0,∞) → [0,∞] is called an Orlicz
function if
ϕ(u) =
∫ |u|
0
p(t)dt,
where the real-valued function p defined on [0,∞) has the following properties:
(1) p(0) = 0, p(t) > 0 for t > 0 and limt→∞ p(t) =∞;65
(2) p is right continuous;
(3) p is nondecreasing on (0,∞).
For every Orlicz function ϕ, there is a complementary Orlicz function ψ :
[0,∞)→ [0,∞] defined by
ψ(u) = sup{uv − ϕ(v) : v ≥ 0}.
A pair of complementary Orlicz functions (ϕ, ψ) fulfils the following Young
Inequality:
uv ≤ ϕ(u) + ψ(v), u, v ∈ [0,∞),
and equality holds if and only if u = ψ(v) or v = ϕ(u). For background on
Orlicz functions and Orlicz spaces one can see [9, 17].
Suppose that ϕ is an Orlicz function. For x ∈ M˜, set
ρ˜ϕ(x) = τ(ϕ(|x|)),
then τ(ϕ(|x|)) is a convex modular on M˜ [16].70
Definition 1.7. Set
Lϕ(M˜, τ) =
{
x ∈ M˜ : τ (ϕ(λ|x|)) <∞ for some λ > 0
}
,
and equip the space with the Luxemburg norm
‖x‖ = inf
{
λ > 0 : τ
(
ϕ
(
|x|
λ
))
≤ 1
}
.
Such a space is called a noncommutative Orlicz space.
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Remark 3. Notice that if ϕ(x) = |x|p, 1 ≤ p < ∞ for any τ-measurable
operator x ∈ M˜, then Lϕ(M˜, τ) is nothing but the noncommutative L
p space
Lp(M˜, τ) and the Luxemburg norm generated by this function is expressed by
the formula
‖x‖p = (τ (|x|
p))
1
p .
Similar to the commutative case, for x, y ∈ Lϕ(M˜, τ) one can define the
following Orlicz norm:
‖x‖o = sup{τ(|xy|) : τ(ψ(|y|)) ≤ 1},
where ψ is the complementary function of ϕ. Moreover, we have the following
relation between the two norms [16],
‖x‖ ≤ ‖x‖o ≤ 2‖x‖.
We also can get the Young Inequality in noncommutative Orlicz spaces:
Lemma 1.1. ([20]) For a pair (ϕ, ψ) of complementary Orlicz functions we
have:
τ(|xy|) ≤ τ(ϕ(|x|)) + τ(ψ(|y|)), for all x, y ∈ M˜.
Moreover, if 0 ≤ x ∈ M˜ with τ(ϕ(x)) <∞, then there is a 0 ≤ y ∈ M˜ with
τ(xy) = τ(ϕ(x)) + τ(ψ(y)) and τ(ψ(y)) ≤ 1.
For further information on the theory of noncommutative Orlicz spaces we
refer the reader to [8, 10, 11, 16, 20].
2. Closed linear subspaces of Lϕ(M˜, τ)75
In this section, we prove that the noncommutative Orlicz spaces Lϕ(M˜, τ)
with the Luxemburg norm have the Fatou property. Consequently, the space
is complete. In addition, we give a new description of the subspace Eϕ(M˜, τ)
given in [16], and prove that this is a closed linear subspace in norm topology
and a dense subspace in measure topology of the Lϕ(M˜, τ).80
Firstly we give the definition of rearrangement invariant as follows.
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Definition 2.1. A linear subspace E of M˜ is called rearrangement invariant
if and only if x ∈ E, y ∈ M˜ and for all t > 0, µt(y) ≤ µt(x) imply that y ∈ E
and ‖y‖E ≤ ‖x‖E .
It is well known that Lϕ(M˜, τ) are normed rearrangement invariant operator85
spaces [4]. From Corollary 2.4 in [13] we know that a normed rearrangement
invariant operator space with the Fatou property is a Banach space. Hence,
in order to prove that Lϕ(M˜, τ) are Banach spaces, it suffices to show that
Lϕ(M˜, τ) satisfy the Fatou property.
Theorem 2.1. (Fatou property) Suppose that x ∈ M˜, xn ∈ Lϕ(M˜, τ). If90
supn ‖xn‖ <∞ and 0 ≤ xn ↑n x, then x ∈ Lϕ(M˜, τ) and ‖x‖ = supn ‖xn‖.
Proof. Since xn ∈ Lϕ(M˜, τ), one has that µ(xn) ∈ Lϕ(0,∞). From Proposition
1.7 in [13], if xn, x ∈ M˜ and 0 ≤ xn ↑n x then µt(xn) ↑n µt(x) holds for all
t ≥ 0. Since supn ‖xn‖ <∞ = supn ‖µ(xn)‖ <∞.
Then µ(x) ∈ Lϕ(0,∞) and ‖µ(x)‖ = supn ‖µ(xn)‖ by the classical counter-95
part of Theorem 2.1.
Hence, x ∈ Lϕ(M˜, τ) and ‖x‖ = supn ‖xn‖.
In [20], Kunze considers the properties of the space
Eϕ(M˜, τ) =M
⋂
Lϕ(M˜, τ)
‖·‖
.
Now we give another characterization of this space. Indeed, set
Aϕ(M˜, τ) =
{
x ∈ M˜ : τ (ϕ (λ|x|)) <∞ for all λ > 0
}
.
It is easy to verify that Aϕ(M˜, τ) is a linear subspace of Lϕ(M˜, τ). The following
theorem shows that Aϕ(M˜, τ) is a closed linear subspace in norm topology and
a dense subspace in measure topology of Lϕ(M˜, τ).100
Theorem 2.2. The following statements are true:
1. Aϕ(M˜, τ) is a closed linear subspace of Lϕ(M˜, τ) under the norm topology;
2. Aϕ(M˜, τ) is a dense subspace of Lϕ(M˜, τ) under the measure topology.
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Proof. (1) Let xn ∈ Aϕ(M˜, τ) and x ∈ Lϕ(M˜, τ) be given with xn → x in
follows from Lemma of [6] that any z ∈ M belongs to Aϕ(M˜) if and only if105
µ(z) ∈ Aϕ(0,∞).
By corollary 4.3 of [12] we now have that
‖µ(xn)− µ(x)‖ ≤ ‖µ(xn − x)‖ = ‖xn − x‖ → 0.
By the classical counterpart of Theorem 2.1 we now have that µ(x) ∈ Aϕ(0,∞).
Hence x ∈ Aϕ(M˜, τ) as required.
(2) Now for any x ∈ Lϕ(M˜, τ), set
x = u|x| = u
∫ ∞
0
λdeλ(|x|)
be the polar decomposition of x. For each n ∈ N, set xn = u
∫ n
0
λdeλ(|x|), then
it is obvious that xn ∈ Aϕ(M˜, τ) and
x− xn = u|x|e(n,∞)(|x|) = u
∫ ∞
n
λdeλ(|x|).
For any ε > 0,
e(ε,∞)(|x − xn|) =


e(n,∞)(|x|), ε < n,
e(ε,∞)(|x|), ε ≥ n.
Since x is a τ -measurable operator, limn τ(e(n,∞)(|x|)) = 0, which means that
limn τ(e(ε,∞)(|x−xn|)) = 0 for any ε > 0. Hence, Aϕ(M˜, τ) is a dense subspace110
of Lϕ(M˜, τ) under the measure topology.
In order to study the further properties of Aϕ(M˜, τ), we need the following
lemma.
Lemma 2.1. By Eϕ(M˜, τ) = Eϕ we denote the set M
⋂
Lϕ(M˜, τ)
‖·‖
. If
x ∈ Lϕ(M˜, τ) and τ(ϕ(|x|)) < ∞, then the distance d(x,Eϕ) from x to Eϕ115
is no more than 1, where d(x,Eϕ) = inf {‖x− y‖ : y ∈ Eϕ} .
Proof. Let x = u|x| be the polar decomposition of x, where |x| =
∫∞
0
λdeλ(|x|).
For each n ∈ N, set xn = u
∫ n
0 λdeλ(|x|). Since τ(ϕ(|x|)) < ∞, for any ε > 0
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one can choose an n0 ∈ N such that
τ(ϕ(|x − xn0 |) =
∫ ∞
n0
ϕ(λ)dτ(eλ) < ε.
Since xn ∈ Eϕ, the Young Inequality implies
d(x,Eϕ) ≤ ‖x− xn0‖ ≤ ‖x− xn0‖
o ≤ 1 + τ(ϕ(|x − xn0 |) < 1 + ε.
Therefore, d(x,Eϕ) ≤ 1 since ε is arbitrary.
The following theorem shows that Aϕ(M˜, τ) is the closure (in the norm
topology) of the set of all bounded τ -measurable operators.
Theorem 2.3. Aϕ(M˜, τ) = Eϕ(M˜, τ) =M
⋂
Lϕ(M˜, τ)
‖·‖
.120
Proof. For any x ∈ Aϕ(M˜, τ) and k ≥ 1, we have kx ∈ Aϕ(M˜, τ). Therefore
d(kx,Eϕ) ≤ 1 or d(x,Eϕ) ≤
1
k
. Since k is arbitrary, then we have x ∈ Eϕ, i.e.,
Aϕ(M˜, τ) ⊆ Eϕ.
On the other hand, observing that M is contained in Aϕ(M˜, τ) and that
Aϕ(M˜, τ) is a closed subspace of Lϕ(M˜, τ) by (1) of Theorem 2.2, then Eϕ is125
contained in Aϕ(M˜, τ), which implies that Aϕ(M˜, τ) = Eϕ.
Moreover, by the definition of Aϕ(M˜, τ), we get
Aϕ(M˜, τ) =M
⋂
Lϕ(M˜, τ)
‖·‖
= Eϕ(M˜, τ).
In the following, similar to the classical case, we still use Eϕ(M˜, τ) to denote
the set
{
x ∈ M˜ : τ (ϕ (λ|x|)) <∞ for all λ > 0
}
.
Theorem 2.4. Let x ∈ M˜ be given, the following statements are equivalent:130
1. x ∈ Eϕ(M˜, τ).
2. limn→∞ ‖x− xn‖ = 0, where xn = u
∫ n
0 λdeλ(|x|).
Proof. (1)⇒ (2). Given ε > 0, we have
τ
(
ϕ
(
|x|
ε
))
=
∫ ∞
0
ϕ
(
λ
ε
)
dτ(eλ(|x|)) <∞,
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this is because x ∈ Eϕ(M˜, τ).
Since xn = u
∫ n
0 λdeλ(|x|), when n is large enough it follows that
τ
(
ϕ
(
|x− xn|
ε
))
=
∫ ∞
n
ϕ
(
λ
ε
)
dτ(eλ(|x|)) ≤ 1.
Hence, by the Young Inequality,∥∥∥∥x− xnε
∥∥∥∥ ≤
∥∥∥∥x− xnε
∥∥∥∥o ≤ 1 + τ
(
ϕ
(
|x− xn|
ε
))
≤ 2
for such n ∈ N. This yields ‖x− xn‖ → 0 as n→∞, since ε is arbitrary.
(2)⇒ (1). Since xn = u
∫ n
0 λdeλ(|x|) , then xn ∈M. If limn→∞ ‖x− xn‖ =135
0, then x ∈ Eϕ = Eϕ(M˜, τ) by definition.
3. The properties of Lϕ(M˜, τ) for ϕ ∈ ∆2
In this section, we will prove that if the Orlicz function ϕ satisfies the ∆2
condition (for short, denote it by ϕ ∈ ∆2), namely, there exists a constant k > 0
such that for all u > 0,
ϕ(2u) ≤ kϕ(u),
then Eϕ(M˜, τ) is uniformly monotone, and
Eϕ(M˜, τ) = Lϕ(M˜, τ).
Using Lemma 2.1 of [6], and the fact that ‖µ(x)‖ = ‖x‖ we can get following
Lemmas from the classical counterparts of these Lemmas applied to µ(x).
Lemma 3.1. Suppose ϕ ∈ ∆2 and x ∈ Lϕ(M˜, τ). For any ε > 0, there exists a140
δ(ε) > 0 such that τ(ϕ(|x|)) ≥ δ whenever ‖x‖ ≥ ε.
Lemma 3.2. Suppose ϕ ∈ ∆2 and x ∈ Lϕ(M˜, τ). For any ε ∈ (0, 1), there
exists a δ(ε) ∈ (0, 1) such that ‖x‖ ≤ 1− δ whenever τ(ϕ(|x|)) ≤ 1− ε.
Lemma 3.3. Suppose ϕ ∈ ∆2 and x ∈ Lϕ(M˜, τ). For any ε ∈ (0, 1), there
exists a δ(ε) ∈ (0, 1) such that ‖x‖ ≥ 1 + δ whenever τ(ϕ(|x|)) ≥ 1 + ε.145
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Theorem 3.1. Assume ϕ ∈ ∆2. Given any L > 0 and ε > 0, there exists
δ(L, ε) > 0 such that τ(ϕ(|x|)) ≤ L and τ(ϕ(|y|)) ≤ δ, implies that
|τ(ϕ(|x + y|))− τ(ϕ(|x|))| < ε.
Proof. Firstly, for any x ∈ Lϕ(M˜, τ) and ‖x‖ ≤ 1.
Since ‖µ(x)‖ = ‖x‖, by the classical counterpart,
τ(ϕ(x)) =
∫ ∞
0
ϕ(µt(x))dt
≤ ‖µt(x)‖ = ‖x‖.
Now set
h = sup{τ(ϕ(|2x| + |2y|)) : τ(ϕ(|x|)) ≤ L, τ(ϕ(|y|)) ≤ 1}.
Then L < h <∞ since ϕ ∈ ∆2.Without loss of generality, we can assume L > 1
and ε < 1.
Set β = ε
h
, by Lemma 3.2, there exists a δ > 0 such that τ(ϕ(|y|)) ≤ δ implies150
‖y‖ ≤ min{β2 ,
ε
2} i.e.,
∥∥ 2
β
y
∥∥ ≤ 1. Hence, if τ(ϕ(|x|)) ≤ L and τ(ϕ(|y|)) ≤ δ,
11
then by (iii) of Theorem 4.4 in [18] and convexity of ϕ,
τ(ϕ(|x + y|)) =
∫ ∞
0
ϕ (µt(|x+ y|)) dt
≤
∫ ∞
0
ϕ (µt(u|x|u
∗ + v|y|v∗)) dt
≤
∫ ∞
0
ϕ (µt(u|x|u
∗) + µt(v|y|v
∗)) dt
≤
∫ ∞
0
ϕ (µt(|x|) + µt(|y|)) dt
=
∫ ∞
0
ϕ
(
(1− β)µt(|x|) + β
(
µt(|x|) +
µt(|y|)
β
))
dt
≤ (1− β)
∫ ∞
0
ϕ(µt(|x|))dt + β
∫ ∞
0
ϕ
(
µt(|x|) +
µt(|y|)
β
)
dt
≤ (1− β)
∫ ∞
0
ϕ (µt (|x|)) dt+
β
2
[ ∫ ∞
0
ϕ(µt(2|x|))dt
+
∫ ∞
0
ϕ
(
µt
(
2|y|
β
))
dt
]
= (1− β)τ(ϕ(|x|)) +
β
2
[
τ(ϕ(2|x|)) + τ
(
ϕ
(
2|y|
β
))]
≤ τ(ϕ(|x|)) +
βh
2
+
β
2
∥∥∥∥ 2β y
∥∥∥∥
≤ τ(ϕ(|x|)) + ε.
Respectively, replacing x, y by x+ y,−y in the above inequalities, we also have
τ(ϕ(|x|)) = τ(ϕ(|(x + y) + (−y)|)) ≤ τ(ϕ(|x + y|)) + ε.
This completes the proof.
We say a noncommutative Orlicz space Lϕ(M˜, τ) is uniformly monotone, if
for each ε > 0 there exists δ(ε) > 0 such that for positive τ -measurable operators155
x, y with ‖x‖ = 1 and ‖y‖ ≥ ε, we have ‖x+ y‖ ≥ 1 + δ(ε).
Theorem 3.2. If ϕ ∈ ∆2, then Lϕ(M˜, τ) is uniformly monotone.
Proof. Let ε > 0 and x, y ∈ L+ϕ (M˜, τ) such that ‖x‖ = 1 and ‖y‖ ≥ ε. From (ii)
of Proposition 3.6 in [16] we have τ(ϕ(x)) = 1 since ϕ ∈ ∆2 and from Lemma
3.1 we have that τ(ϕ(y)) ≥ η where η = η(ε) > 0 is as in hypothesis of Lemma160
3.1.
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Then by (ii) of Proposition 4.6 in [18] we get
τ(ϕ(x + y)) ≥ τ(ϕ(x)) + τ(ϕ(y)) ≥ 1 + η.
Hence, using Lemma 3.3, there exists a δ > 0 such that ‖x+ y‖ ≥ 1 + δ.
The following theorem shows that under the condition ϕ ∈ ∆2, convergence
in norm and in measure coincide on the unit sphere of (Lϕ(M˜, τ), ‖ · ‖).
Theorem 3.3. Assume xn, x ∈ Lϕ(M˜, τ). If limn→∞ τ(ϕ(|xn|)) = τ(ϕ(|x|))165
and xn
τm−−→ x, then limn→∞ τ
(
ϕ
(∣∣xn−x
2
∣∣)) = 0. Moreover, if in addition, ϕ ∈
∆2, then ‖xn − x‖ → 0.
Proof. By the convexity of ϕ and (ii),(v) of Lemma 2.5 in [18], we have
ϕ
(
µt
(
|x− xn|
2
))
= ϕ
(
1
2
µt(|x− xn|)
)
≤ ϕ
(
1
2
µ t
2
(|x|) +
1
2
µ t
2
(|xn|)
]
≤
1
2
[
ϕ
(
µ t
2
(|x|)
)
+ ϕ
(
µ t
2
(|xn|)
)]
.
If xn
τm−−→ x, it follows from Lemma 3.1 of [18] that limn→∞ µt(xn − x) = 0
for each t > 0. Suppose that τ(ϕ(|xn |))→ τ(ϕ(|x|)),170
Fatou’s Lemma implies
∫ ∞
0
ϕ
(
µ t
2
(|x|)
)
dt =
∫ ∞
0
lim
n→∞
[ϕ(µ t
2
(|x|)
)
+ ϕ
(
µ t
2
(|xn|)
)
2
−ϕ
(
µt
(
|x− xn|
2
))]
dt
≤ lim
n→∞
inf
∫ ∞
0
[ϕ(µ t
2
(|x|)
)
+ ϕ
(
µ t
2
(|xn|)
)
2
−ϕ
(
µt
(
|x− xn|
2
))]
dt
=
∫ ∞
0
ϕ
(
µ t
2
(|x|)
)
dt− lim
n→∞
sup τ
(
ϕ
(
|x− xn|
2
))
.
Then we obtain
− lim
n→∞
sup τ
(
ϕ
(
|x− xn|
2
))
≥ 0,
which implies τ
(
ϕ
(
|xn−x|
2
))
→ 0. Hence ‖xn − x‖ → 0 since ϕ ∈ ∆2.
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From Theorem 2.2 we know Eϕ(M˜, τ) is a closed linear subspace in norm
topology and a dense subspace of Lϕ(M˜, τ) in measure topology. The next
theorem shows that Lϕ(M˜, τ) = Eϕ(M˜, τ) =M, when ϕ ∈ ∆2.175
Theorem 3.4. If ϕ ∈ ∆2, then
Eϕ(M˜, τ) = Lϕ(M˜, τ).
Proof. By Theorem 3.3, under the condition ϕ ∈ ∆2, the convergence in norm
topology and in measure topology coincide. Hence, we can get the conclusion.
Corollary 3.1. For any τ-measurable operator x ∈ M˜, suppose that ϕ(x) =
|x|p, 1 ≤ p <∞, then ϕ ∈ ∆2. Therefore,180
Lp(M˜, τ) = Ep(M˜, τ)
=
{
x ∈ M˜ : τ ((λ|x|)p) <∞ for all λ > 0
}
=
{
x ∈ M˜ : τ (|x|p) <∞
}
.
Remark 4. Notice that the condition ϕ ∈ ∆2 in theorem 3.4 is necessary, that
is to say , if ϕ /∈ ∆2, Eϕ(M˜, τ) $ Lϕ(M˜, τ). Indeed, suppose ϕ /∈ ∆2. By (2)
of Theorem 1.13 in [17], there exist 0 < αk ↑ ∞ such that
ϕ
((
1 +
1
k
αk
))
> 2kϕ(αk) (k ∈ N).
Select mutually orthogonal projections {ek} in a non-atomic von Neumann al-
gebra M such that ϕ(αk)τ(ek) =
ε
2k
, where ε > 0 and k ∈ N, and define
xn =
∞∑
k=n+1
αkek
with αk ∈ R+. Then,
τ(ϕ(xn)) =
∞∑
k=n+1
ϕ (αk) τ (ek) =
ε
2n
<∞,
which means xn ∈ Lϕ(M˜, τ).
14
But for any l > 1, let n0 ∈ N satisfy l ≥ 1 + 1n0 . Then for any n ≥ n0,
τ(ϕ(lxn)) >
∞∑
k=n+1
ϕ
((
1 +
1
k
αk
))
τ(ek)
>
∞∑
k=n+1
2kϕ (αk) τ(ek)
=
∞∑
k=n+1
ε =∞,
which shows that xn /∈ Eϕ(M˜, τ) (n ∈ N). Therefore if ϕ /∈ ∆2, Eϕ(M˜, τ) $
Lϕ(M˜, τ).
Acknowledgement185
We want to express our gratitude to the referee for all his/her careful revision
and suggestions which has improved the final version of this work.
References
References
[1] E. Nelson, Notes on non-commutative integration, J. Funct. Anal., 15190
(1974), 103-116.
[2] E. Stein, G. Weiss, Introduction to Fourier analysis on Euclidean spaces,
Princeton Univ. Press, 1971.
[3] F. J. Yeadon, Noncommutative Lp-spaces, Proc. Cambridge Philos. Soc.
77 (1975), 91-102.195
[4] G. Bennet, R. Sharpley, Interpolation of operators, Academic Press, Lon-
don, 1988.
[5] I. E. Segal, A non-commutative extension of abstract integration, Ann. of
Math. 57 (1953), 401-457.
15
[6] L. M. Labuschagne, W. A. Majewski, Maps on noncommutative Orlicz200
spaces, Illinois. J. Math, 55 (2011), 1053-1081.
[7] J. Musielak, Orlicz spaces and modular spaces, Lecture Notes in Math.
1034 (Springer Verlag)(1983).
[8] M. Muratov, Noncommutative Orlicz spaces, Dokl. Akad. Nauk UzSSR 6
(1978), 11-13.205
[9] M. M. Rao, Z. D. Ren, Theory of Orlicz spaces (New York, Basel, Hong
Kong: Marcel Dekker Inc.) (1981).
[10] M. H. A. Al-Rashed, B. Zegarlinski, Noncommutative Orlicz spaces asso-
ciated to a state, Studia Math., 180 (2007), 199-209.
[11] M. H. A. Al-Rashed, B. Zegarlinski, Noncommutative Orlicz spaces as-210
sociated to a state II, Linear Algebra and its Applications., 435 (2011),
2999-3013.
[12] P. G. Dodds, T. K. Y. Dodds, B. de Pagter, Non-commutative Banach
Function spaces, Math. Z. 201 (1989), 583-597.
[13] P. G. Dodds, T. K. Dodds, B. de Pagter, Noncommutative Ko¨the duality,215
Trans. Amer. Math. Soc. 339 (1993), 717-750.
[14] Q. H. Xu, Embedding of Cq and Rq into noncommutative L
p-spaces, 1 ≤
p < q ≤ 2, Math. Ann. 335 (2006) 109-131.
[15] Q. H. Xu, Bieke, T. E. D., Chen, Z. Q., Introduction to operator algebras
and noncommutative Lp spaces (in Chinese), Science Press, Beijing, (2010).220
[16] S. Ghadir, Non-commutative Orlicz spaces associated to a modular on τ -
measuable operators, J. Math. Anal. Appl. 395 (2012) 705-715.
[17] S. T. Chen, Geometry of Orlicz spaces, in: Dissertations Mathematicae,
Warszawa, 1996.
16
[18] T. Fack, H. Kosaki, Generalized s-numbers of τ -measuable operators, Pa-225
cific J. Math.123 (1986), 269-300.
[19] U. Haagerup, H. P. Rosenthal, F. A. Sukochev, Banach embedding prop-
erties of non-commutative Lp-spaces, Mem. Amer. Math. Soc., 163 (776),
2003.
[20] W. Kunze, Noncommutative Orlicz spaces and generalized Arens algebras,230
Math. Nachr. 147 (1990), 123-138.
17
